In this paper, we give some new genus-3 universal equations for Gromov-Witten invariants of compact symplectic manifolds. These equations were obtained by studying new relations in the tautological ring of the moduli space of 2-pointed genus-3 stable curves. A byproduct of our search for genus-3 equations is a new genus-2 universal equation for Gromov-Witten invariants.
It is well known that relations in the tautological ring of moduli space of stable curves M g,n produce universal equations for Gromov-Witten invariants of all compact symplectic manifolds. A typical genus-0 example is the associativity equation for the quantum cohomology, also known as the WDVV equation. Finding explicit higher genus universal equations is a very difficult problem. Genus-1 and genus-2 universal equations were discovered in [Ge1] , [Ge2] , and [BP] . Relations among these equations were studied in [L2] . For manifolds with semisimple quantum cohomology, these equations determine the genus-1 and genus-2 Gromov-Witten invariants in terms of genus-0 invariants (cf. [DZ] for the genus-1 case and [L1] for the genus-2 case). In [KL] , the authors proved a genus-3 topological recursion relation by studying a tautological relation on M 3,1 . Certain topological recursion relations of all genera were proved in [LP] . Despite all these progresses, the understanding of universal equations is still very limited and unsatisfactory. For example, so far the known genus-3 equations still can not determine the genus-3 generating function even for manifolds with semisimple quantum cohomology. Therefore it is very interesting to find more genus-3 universal equations. The main purpose of this paper is to obtain new genus-3 equations by studying tautological relations on M 3,2 .
To describe the universal equations, we need to use some operators introduced in [L1] . Let M be a compact symplectic manifold. The big phase space for Gromov-Witten invariants of M is a product of infinitely many copies of H * (M ; C). We will choose a basis {γ α | α = 1, . . . , N } of H * (M ; C). The quantum product W 1 •W 2 of two vector fields W 1 and W 2 on the big phase space was introduced in [L1] . This is an associative product without an identity element. An operator T on the space of vector fields on the big phase space was also introduced in [L1] to measure the failure of the string vector field to be an identity element with respect to this product. This operator turns out to be a very useful device to translate relations in the tautological rings of M g,n into universal equations for Gromov-Witten invariants. We will write universal equations of Gromov-Witten invariants as equations among tensors W 1 · · · W k g which are defined to be the k-th covariant derivatives of the generating functions of genus-g Gromov-Witten invariants with respect to the trivial connection on the big phase space. We will briefly review these definitions in Section 1 for completeness. Define 
Note that Q(W 1 , W 2 ) only involves data with genus ≤ 2. In this paper we will prove the following genus-3 universal equation
Theorem 0.1 For all compact symplectic manifolds,
for all vector fields W 1 and W 2 on the big phase space.
Note that in general
Instead T 2 (W 1 )T (W 2 ) 3 is given by a much more complicated genus-3 universal equation in Theorem 2.2, which is the main result of this paper. Theorem 0.1 is actually a corollary of Theorem 2.2. We would like to point out that the genus-3 topological recursion relation in [KL] also follows from the formula in Theorem 2.2 (see the remark at the end of Section 2) . During the proof of Theorem 2.2, we also discovered a new genus-2 universal equation under the assumption that the tautological ring of M 3,2 is Gorenstein. This genus-2 equation is given in Proposition 2.3. This equation does not seem to follow from known genus-2 equations. By a result of [L1] , known genus-2 equations already completely determine the genus-2 generating function for manifolds with semisimple quantum cohomology. Because of this fact, the new genus-2 equation in Proposition 2.3 is quite a surprise.
We also notice that universal equations in this paper correspond to relations in the tautological ring of M 3,2 . We will give the relation corresponding to Theorem 0.1 in Section 3.
The second author would like to thank R. Pandharipande for helpful discussions on whether the tautological ring R * (M 3,2 ) is Gorenstein.
Preliminaries
Let M be a compact symplectic manifold. The big phase space is by definition the infinite product
Fix a basis {γ 0 , . . . , γ N } of H * (M ; C), where γ 0 is the identity element, of the ordinary cohomology ring of M . Then we denote the corresponding basis for the n-th copy of H * (M ; C) in P by {τ n (γ 0 ), . . . , τ n (γ N )}. We call τ n (γ α ) a descendant of γ α with descendant level n. We can think of P as an infinite dimensional vector space with a basis {τ n (γ α ) | 0 ≤ α ≤ N, n ∈ Z ≥0 } where Z ≥0 = {n ∈ Z | n ≥ 0}. Let (t α n | 0 ≤ α ≤ N, n ∈ Z ≥0 ) be the corresponding coordinate system on P . For convenience, we identify τ n (γ α ) with the coordinate vector field ∂ ∂t α n on P for n ≥ 0. If n < 0, τ n (γ α ) is understood to be the 0 vector field. We also abbreviate τ 0 (γ α ) by γ α . We use τ + and τ − to denote the operators which shift the level of descendants by 1, i.e. τ ± n,α f n,α τ n (γ α ) = n,α f n,α τ n±1 (γ α ) where f n,α are functions on the big phase space.
We will adopt the following notational conventions: Lower case Greek letters, e.g. α, β, µ, ν, σ,..., etc., will be used to index the cohomology classes on M . These indices run from 0 to N . Lower case English letters, e.g. i, j, k, m, n, ..., etc., will be used to index the level of descendants. These indices run over the set of all non-negative integers, i.e. Z ≥0 . All summations are over the entire ranges of the corresponding indices unless otherwise indicated. Let η αβ = M γ α ∪ γ β be the intersection form on H * (M, C). We will use η = (η αβ ) and η −1 = (η αβ ) to lower and raise indices. For example, γ α := η αβ γ β .
Here we are using the summation convention that repeated indices (in this formula, β) should be summed over their entire ranges.
be the genus-g, degree d, descendant Gromov-Witten invariant associated to γ α 1 , . . . , γ α k and nonnegative integers n 1 , . . . , n k (cf. [W] , [RT] , [LiT] ). Here, M g,k (M ; d) is the moduli space of stable maps from genus-g, k-pointed curves to M of degree d ∈ H 2 (M ; Z). Ψ i is the first Chern class of the tautological line bundle over M g,k (M ; d) whose geometric fiber over a stable map is the cotangent space of the domain curve at the i-th marked point while ev i : M g,n (M ; d) → M is the i-th evaluation map for all i = 1, . . . , k. Finally, [M g,n (M ; d)] virt is the virtual fundamental class. The genus-g generating function is defined to be
where q d belongs to the Novikov ring. This function is understood as a formal power series n the variables { t α n } with coefficients in the Novikov ring. Introduce a k-tensor · · · · · k defined by For any vector fields W 1 and W 2 on the big phase space, the quantum product of W 1 and W 2 is defined by
The operator T was introduced in [L1] as a convenient tool in the study of universal equations for Gromov-Witten invariants. Let ψ i be the first Chern class of the tautological line bundle over M g,k whose geometric fiber over a stable curve is the cotangent space of the curve at the i-th marked point. When we translate a relation in the tautological ring of M g,k into differential equations for generating functions of Gromov-Witten invariants, each ψ class corresponds to the insertion of the operator T . Let ∇ be the trivial flat connection on the big phase space with respect to which τ n (γ α ) are parallel vector fields for all α and n. Then the covariant derivative of the quantum product satisfies
and the covariant derivative of the operator T is given by
for any vector fields W 1 , W 2 and W 3 (cf. [L1, Equation (8) and Lemma 1.5]). We need to use these formulas in order to compute derivatives of universal equations.
Topological Recursion Relations on
The cohomology class ψ 2 1 ψ 2 vanishes on M 3,2 due to a result of Ionel (cf. [Io] ). Furthermore, by a result of Faber and Pandharipande [FP2] , ψ 2 1 ψ 2 is equal to a class from the boundary strata which is tautological, and therefore is a linear combination of products of ψ and κ classes and fundamental classes of some boundary strata. For any curve in ∂M 3,2 := M 3,2 − M 3,2 with a genus-3 component, it has a dual graph
(see Section 3 for the conventions of dual graphs). Since this graph is a tree, all such curves are of compact type. For this stratum to occur in the expression of ψ 2 1 ψ 2 , it must be multiplied by combinations of ψ-classes and κ-classes of degree 2 on the genus-3 component. By a result of Yang [Y] , κ-classes in this expression can be replaced with combinations of ψ-classes and fundamental classes of boundary strata. On all other boundary strata, all components of curves must have genus at most 2, therefore κ classes again can be represented as linear combinations of ψ classes and fundamental classes of boundary strata (cf. [AC] ). Therefore, it follows that ψ 2 1 ψ 2 on M 3,2 can be written as a linear combination of products of the ψ classes and the fundamental classes of some boundary strata. By taking into consideration the genus-0 and genus-1 topological recursion relations as well as Mumford's genus-2 relation, we can translate these results into the following universal equations for Gromov-Witten invariants with unknown constants a 1 , . . . , a 105 :
Taking covariant derivative of the BP equation with respect to γ α and applying it to W 1 , W 2 , γ α , we obtain
This equation can be used to eliminate the b 3 -term in equation (3). Taking covariant derivative of the BP equation with respect to W 2 and applying it to γ α , γ α , W 1 , we have
We can use this equation to eliminate the b 1 -term in equation (3). Similarly the b 2 -term can be eliminated by using the covariant derivative of the BP equation with respect to W 1 . Since equation (2) holds for Gromov-Witten invariants of all compact symplectic manifolds, it must be satisfied for Gromov-Witten invariants of a point and P 1 . It is well known that the Gromov-Witten invariants of these two manifolds satisfy the Virasoro constraints (see [W] [K] for the point case, and [EHX] [Gi] for the P 1 case). A computer program for calculating such invariants based on the Virasoro constraints was written by Gathmann [Ga] . We use Gathmann's program to compute such invariants and plug in derivatives of equation (2) to find relations among constants a 1 , . . . , a 105 .
When the target manifold is a point, the degree of all stable maps must be 0. Hence, we will omit any reference to the degrees of Gromov-Witten invariants of a point. In fact, such Gromov-Witten invariants are just intersection numbers
Since the cohomology space of a point is one dimensional, coordinates on the big phase space are simply denoted by t 0 , t 1 , t 2 , · · · . We also identify vector fields ∂ ∂tm with τ m on the big phase space. Using Gromov-Witten invariants of a point, we obtained 43 linearly independent relations among constants a 1 , . . . , a 105 . These relations are listed in section A.1 of the appendix as equations (7) to (49).
When the target manifold is CP 1 , the degrees of the stable maps are indexed by H 2 (CP 1 ; Z) ∼ = Z. The degree d part of any equation for generating functions of Gromov-Witten invariants is the coefficient of q d in the Novikov ring. We choose the basis {γ 0 , γ 1 } for H * (CP 1 ; C) with γ 0 ∈ H 0 (CP 1 ; C) being the identity of the ordinary cohomology ring and γ 1 ∈ H 2 (CP 1 ; C) the Poincare dual to a point. Coordinates on the big phase space are denoted by {t 0 n , t 1 n | n ∈ Z + }. We identify vector fields ∂ ∂t 0 n and ∂ ∂t 1 n with τ n,0 and τ n,1 respectively. Using Gromov-Witten invariants of P 1 , we obtained 61 linearly independent relations among constants a 1 , . . . , a 105 . These relations are listed in section A.2 of the appendix as equations (50) to (110).
Combining results from Gromov-Witten invariants of a point and P 1 , we obtained 104 linearly independent relations (7) -(110) among a 1 , . . . , a 105 . Using these relations we can solve all a i with i = 2 in terms of a 2 , and obtain the following formulas: After plugging these formulas into equation (2), the coefficient of a 2 is an expression totally symmetric with respect to W 1 and W 2 , which can be written as
where 
where W 1 and W 2 are arbitrary vector fields on the big phase space, and a 2 is a constant (see also the remark after Proposition 2.3).
It is surprising that the coefficient of a 2 in the above formula is completely symmetric with respect to W 1 and W 2 but the formula itself is not symmetric (e.g. a 3 = 0 but a 5 = 0). It is also interesting to observe that
is also symmetric with respect to W 1 and W 2 . The proof of this fact, which is omitted here since it is quite long, uses all known universal equations of genus ≤ 2. These facts give a hint that Ω(W 1 , W 2 )+ Ω(W 2 , W 1 ) might be identically equal to 0. We have testified this using a computer program involving Gromov-Witten invariants of a point, P 1 , and P 2 . In fact, we can prove this under the assumption that the intersection pairing on R 3 (M 3,2 ) × R 5 (M 3,2 ) is non-degenerate. We note that this assumption follows from a well known conjecture that the tautological ring R * (M g,n ) should be Gorenstein (cf. [FP1] and [P] ). It is also remarked in [FP1, p4] that R * (M g ) is indeed Gorenstein for g ≤ 3. But currently it is not known whether R * (M 3,2 ) is Gorenstein.
Proposition 2.3 If the intersection pairing on
for all vector fields W 1 and W 2 .
Proof: In [Y] , S. Yang calculated the rank of the intersection pairing on R 3 (M 3,2 ) × R 5 (M 3,2 ) to be 104. Each term in equation (2) corresponds to an element in R 3 (M 3,2 ). So terms in equation (2) with coefficients a 1 , . . . , a 105 give 105 elements in R 3 (M 3,2 ). If the intersection pairing on R 3 (M 3,2 ) × R 5 (M 3,2 ) is non-degenerate, there must exist a linear relation among these 105 terms. This linear relation gives a universal equation for Gromov-Witten invariants. We can add freely any scalar multiplication of this equation to equation (2). By Theorem 2.2, the only freedom in equation (2) is
Remark: By Proposition 2.3, we can set a 2 = 0 in Theorem 2.2 if it is true that the intersection pairing on
Proof of Theorem 0.1: We can use Theorem 2.2 to compute T 2 (W 1 )T (W 2 ) 3 and T 2 (W 2 )T (W 1 ) 3 separately. The difference of these two terms then proves Theorem 0.1. Note that all symmetric terms in Theorem 2.2 are canceled out in
This makes Theorem 0.1 a much simpler formula than Theorem 2.2. We would like to point out that the proof of Theorem 0.1 does not rely on Proposition 2.3. The reason is that
is symmetric with respect to W 1 and W 2 . So this term is canceled in
without using Proposition 2.3. Remark: It turns out that the genus-3 topological recursion relation proved in [KL] can be derived using Theorem 2.2. To see this, let
be the string vector field, wheret α m = t α m − δ α,1 δ m,1 . Then
is the dilaton vector field (cf. [L1] for a proof of this fact). Applying Theorem 2.2 for W 1 = T (W) and W 2 = S, then getting rid of the string and dilaton vector fields by using the string and dilaton equations, we can obtain the main result of [KL] . Note that in this derivation, we also don't need Proposition 2.3 since we can prove
directly using the string and dilaton equations. The proofs of these facts are quite long and are omitted here.
3 New relations in the tautological ring of M 3,2
Universal equations in Theorems 0.1, Theorem 2.2, and Proposition 2.3 corresponds to 3 relations in the tautological ring of M 3,2 . To describe such relations, we use dual graphs to represent strata of M g,n . We adopt the conventions of [Ge2] for dual graphs with a slight modification. We denote vertices of genus 0 by a hollow circle f , and vertices of genus g ≥ 1 by f g . A vertex with an incident arrowhead denotes the ψ class associated to the marked point (or a node) on the irreducible component associated to that vertex. When translating relations in the tautological ring of M g,n to universal equations for Gromov-Witten invariants, we need to divide the coefficient of each stratum by the number of elements in the automorphism group of the corresponding dual graph.
Theorem 2.2 corresponds to a relation representing ψ 2 1 ψ 2 as a linear combination of 99 boundary classes on M 3,2 . Proposition 2.3 is a linear relation among 69 boundary classes of M 3,2 . Since these two relations are very long, we will omit their dual graph representations in this paper. We only give the dual graph representation for the relation corresponding to Theorem 0.1. The other two relations can be similarly recovered from Proposition 2.3 and Theorem 2.2. Let where i and j label the two marked points (i.e. tails of dual graphs). Then Theorem 0.1 corresponds to the following Theorem 3.1 In the tautological ring of M 3,2 , the following relation holds
Appendix
A Relations among constants a 1 , . . . , a 105
The formulas in Lemma 2.1 are obtained by solving a system of 104 linearly independent relations among constants a 1 , . . . , a 105 in equation (2). These relations are obtained by using GromovWitten theory of a point and P 1 . In this appendix, we list all these relations and indicate how they are obtained. 
A.1 Relations from the Gromov-Witten invariants of a point
From the degree 0 part of Φ(τ 0,0 , τ 3,0 )| t=0 = 0, we obtain 
From the degree 0 part of Φ(τ 1,0 , τ 1,1 )| t=0 = 0, we obtain
From the degree 0 part of Φ(τ 1,0 , τ 2,0 )| t=0 = 0, we obtain 
From the degree 0 part of Φ(τ 1,1 , τ 1,0 )| t=0 = 0, we obtain
From the degree 0 part of Φ(τ 2,0 , τ 0,1 )| t=0 = 0, we obtain 
From the degree 0 part of τ 3,1 Φ(τ 0,0 , τ 0,0 )| t=0 = 0, we obtain 0 
From the degree 0 part of τ 4,0 Φ(τ 0,0 , τ 0,0 )| t=0 = 0, we obtain 
From the degree 0 part of τ 2,1 Φ(τ 0,0 , τ 1,0 )| t=0 = 0, we obtain 0 = − 
From the degree 0 part of τ 3,0 Φ(τ 0,0 , τ 1,0 )| t=0 = 0, we obtain 
From the degree 0 part of τ 2,0 Φ(τ 0,0 , τ 2,0 )| t=0 = 0, we obtain 
From the degree 0 part of τ 2,1 Φ(τ 1,0 , τ 0,0 )| t=0 = 0, we obtain 
From the degree 0 part of τ 2,0 Φ(τ 1,0 , τ 1,0 )| t=0 = 0, we obtain 
From the degree 1 part of τ 5,1 Φ(τ 0,0 , τ 0,0 )| t=0 = 0, we obtain 
From the degree 1 part of τ 4,1 Φ(τ 0,0 , τ 0,1 )| t=0 = 0, we obtain 
From the degree 1 part of τ 3,1 Φ(τ 0,0 , τ 1,1 )| t=0 = 0, we obtain 0 
From the degree 1 part of τ 4,0 Φ(τ 0,0 , τ 1,1 )| t=0 = 0, we obtain 
From the degree 1 part of τ 4,0 Φ(τ 1,1 , τ 0,0 )| t=0 = 0, we obtain 
From the degree 0 part of τ 2,1 τ 2,0 Φ(τ 0,0 , τ 0,0 )| t=0 = 0, we obtain 0 
From the degree 0 part of τ 2,0 τ 3,0 Φ(τ 0,0 , τ 0,0 )| t=0 = 0, we obtain 
From the degree 1 part of τ 3,1 τ 3,0 Φ(τ 0,0 , τ 0,0 )| t=0 = 0, we obtain 
From the degree 1 part of τ 2,1 τ 2,1 Φ(τ 0,0 , τ 0,1 )| t=0 = 0, we obtain 
